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Against this and the other features discussed in Section 3
must be weighed the disadvantages of the greater com-
plexity of the electrohydrodynamic heat pipe, with its
attendant reliability questions. A high voltage, low current
power supply is required. The need for high voltage insula-
tion in reases fabrication costs. Further, the long-term
degradation of dielectric fluids in the presence of corona
or intermittent arcing may be a significant factor.
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I. INTRODUCTION

WITHIN the past decade considerable amount of work has
been done in the area of turbulent wakes and free mixing of
coaxial jets due to the large interest in the wakes of high
speed missiles and re-entry vehicles, various base injection
techniques, cooled plasma jets, decaying exhaust plumes,
supersonic combustion, etc. However, the problem is
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far from being solved yet. One of the main difficulties stems
from the lack of information about the dependence of the
turbulent transport coefficients on the flow properties.
Although many models for the turbulent diffusivity [1]
and viscosity [1-5] have been proposed, none has been
found to be satisfactory so far. Therefore, an effort is made
here to obtain theoretically the expressions for the turbulent
transport coefficients on the basis of the general behavior
characteristics of flow variables in the wake.
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II. THEORETICAL ANALYSIS

The governing equations for the coaxial turbulent mixing
of two dissimilar gases, under the assumption of zero
pressure gradients and no chemical reactions, are the
following :

Conservation of Mass

S+ 2 ouy) =0 )
Conservation of Species
oY ay, _. @ 0Y;
P“5;+Pl'5=)’ ’@(PD)”“6;> 2)

Conservation of Momentum
u du 0 . Ou
— 4+ e = i J 3
S SR A th ay> (3
Conservation of Energy

oT oT _, 0
=4 WO D = J - Ky ——
P ax Pt Py Y dy Y dy

o 2+ D C ov.eT 4)
+ H ay P may ay'

. {0 if the flow is 2-D symmetric
] =

puC

Here,
1 if the flow is axisymmetric.

The turbulent transport coefficients to be determined
are the turbulent diffusivity D, turbulent viscosity g, and the
turbulent thermal conductivity K. C, is the specific heat at
constant pressure.

Multiplying equation (1) by Y, equation (2) by y’, adding
the two, and then integrating the resulting equation with
respect to y, one obtains after rearranging the terms

[a . 111 ey
eD =U o (puY) y'dy + pvY; y] / [y’—~]. (5
X dy

Multiplying equation (1) by u, equation (3) by y’, adding
the two, and then integrating the resulting equation with
respect to y, one obtains after rearranging the terms

: a 2 ) Ou
=) 5 (pu?) y Ay + pouy’ | [V = |- (6)
X dy
0

Similarly, multiplying equation (1) by C,T, equation (4)
by y/, adding the two, and then integrating the resulting
equation with respect to y, one obtains after rearranging
the terms
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From equation (1),

¥y
1 (@ .
V= — -—jj —(pu) y’ dy. 8
py’ ) ox
[
The values of the transport coefficients along the centerline
or centerplane are obtained by substituting the above
expression for v in equations (5}(7) and then evaluating
their limits as y approaches zero. There result

oY,
Pets ox
lim pD = (pD)g = ~———5 (9)

0?Y,
y=0 . 2
G+ 1 (———)
e

Oug
Pg lg %

G
U+ ay2>@

T,
Pe uQK
lim K = Kg = C,, ——

()
G+ 5}7 .

Here, Y, is the mass concentration of the injected gas and
was substituted for ¥ in equation (5) before arriving at
equation (9). As Y, = 1 — Y, where Y, is the mass con-
centration of the primary gas, the diffusivity can also be
expressed in terms of Y; simply by substituting Y, for Y,
in equation (9). It is also pointed out here that due. to
symmetry about the centerline or centerplane

(-G -G -

which has been used in deriving equations (9)-(11).
Now, two variables P, and Q,, I = 1, 2, 3 are introduced
such that

lim p = pg = {10)

y=0

{1y

y—~0

P =1, Q,=pD
P2=u_ue Q2=”
Py=T~-T.  Qs=K/C,

where u, and T, are the values of velocity and temperature
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in the free stream. In the present case, both u, and T, are
constant. Equations (9)}-(11) can all be expressed now in the
following form:

P,
Pg tg -

2, = (’}_";;(Efﬁj’
& e
From experimental observations, it has been well established

by now that in downstream regions of the wake

=123

1=1,23 12)

-y
B

(13)

P =gx
where o and m,, | = 1, 2,3 are constants, and
PJP =fly/dx)), =123 (14)

where §; is the proper wake half-radius defined as that value
of y where P; = P,_/2. To be explicit, 3, is the concentration
wake half-radius defined as that value of y where Y, =
Y;,rL /2; 6, is the velocity wake half-radius defined as that
value of y where u = (ug + u,.)/2; and §; is the temperature
wake half-radius defined as that value of y where T =

(Tg + T2

Now, from equation {13),
épP P
—So _gmx Tl = (15)
&x X

and from equation (14),

ép .
(5;2—)% = P,_f/(0)/8?

where the prime indicates differentiation with respect to
the variable # = y/8,{x). Substituting the above expressions
for 8P, /0x and (8%P/0y*)g into equation (12), the following
is obtained

(16)

0 = —| | peugd?x (17)
is G+ l)f;’(()} ergv/
Now, according to Forstall and Shapiro [6]
ny
fi= [1 + cos (2 5)]/2 (18)
from which
fi0) = — 2?8 = — 1-233
according to Townsend [7] and many others [3,8,9]
fi= o~ /a2 (19)

from which
f10y= —1

and according to Demetriades [10]
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fo = e~ 0-431/82)% andf, = o= 0-341y/83)? (20)
from which
£3(0) = — 0-86 and f3(0) = — 0-68.

Thus, it is seen that the absolute value of f;'(0) is always close
to one, Hence, it can be safely assumed that for all practical

purposes
fi0)= —1, =123

This reduces equation {17) to

ny
0, = (].’:’i)ﬂq,“gfsxz/xs =123 (22)

21)

For analyzing the mixing process downstream in the wake,
it may be assumed that at any axial station

0= (- 3

Under the above assumption, the expressions for the tur-
bulent transport coefficients are obtained from equation
(22) by replacing Q,. @,, and Q, therein with pD, y, and
K/C, respectively. The expressions are

my 2
pD = (pD)g = (j%i) pgtigdi/x (24)
m, 3
H=pg = I Pgligdu/x 25)
K/C, = {(K/Cpg = (;1"1>pguq“5%/x (26)

where
my = ny dy = &,
m, = My 8, = 8,
My = My S = 83

have been substituted in equations {24}-(26) respectively only
for convenience so that the constant m, and wake half-radius
8, | = 1,2,3 may easily be associated with mass concen-
tration Y, velocity u, and temperature T respectively.

To compare the above expressions for D, u and K with
some other existing models for turbulent transport co-
efficients, the following models [1-4, 11] are mentioned:

1. Due to Zakkay et al. [1, 11]

A 06
(1 + O8 W/W) (hja) |

+
Pl
At & 27
(peue) Paftely @
where

hia = 2+ 60(p;/pJt M1 + M2 e™OSMaM,~ 1772

pD = (pD)g =
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Here, a = jet radius, h = concentration potential core
length, M = Mach number, W = molecular weight, and
the subscripts ¢ and j denote conditions in the free stream
and at the jet respectively.

p = pg = 0011 pgug 3, (28)
2. Due to Ferri et al. [2]
i = pg = 0025|pu, — pgug|8,. 29)

where J,, is the mass flow wake half-radius defined as that
value of y where pu = (pu, + pgug)/2, and |F| denotes
absolute value of F.

. Due to Prandtl [1, 3, 4]

W

H=ﬂ(g=klpe|“e—“q’5u (30)
where k, = 0-037 for 2-D symmetric flow and k, = 0-025
for axisymmetric flow.

4. Due to Schetz [4]

#=pg =k pou, 0**/a 31
where a is the initial radius of the jet, k, a constant to be
determined experimentally, and 6* a ‘displacement
thickness” defined by the following relation:

o

7 pe, 3% = f lpeu, — pu|2m ydy. 32)

0

It is observed that the above models [equations (27)-(31)]
are all very different from the expressions for transport
coefficients in equations (24)-(26), which have been derived
here from the basic differential equations governing the
turbulent mixing process and by taking into consideration
the general behaviour of flow variables downstream in the
wake. Moreover, none of these models show any direct
dependence of the transport coefficients on the axial co-
ordinate x as is seen in equations (24)-(26). This may explain
the inadequacy of such simple models in predicting down-
stream flow fields [12, 13].

Values for the turbulent Schmidt number, Prandtl
number, and Lewis number may now be easily obtained
from the expressions for D, p and K in equations (24)26) as
the following :

L LATEA Y (33

< pD B my J\ Oy )
uC, m,\ 6. ¥

p=tor [T

’ K <mT) <6T> (34)
pDC, my\ {6y ¥

L = ={ ") o).

. K (mr><5r (35)

It is pointed out here that the values of the constants
my, m, and my are all known from experimental observations
[1.3,8-12,14-17]. For example, for axisymmetric turbulent
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wakes my =2 and m, = my = %; and for 2-D symmetric
turbulent wakes my = m, = myp = %.

From the expressions for Schmidt number, Prandtl
number, and Lewis number in equations (33)-(35), an
interesting conclusion is drawn that the assumption of their
values equal to unity may not be correct because in general
Sy # 0, # 87 This has also been pointed out elsewhere on
the basis of experimental observations [17] and numerical
analysis [18].

II1. CONCLUSIONS

Expressions for the turbulent diffusivity, viscosity, and
thermal conductivity have been derived here from the
basic differential equations governing the turbulent mixing
of two dissimilar gases by taking into account the general
behavior of flow variables downstream in the wake. 2-D
symmetric and axisymmetric flows without chemical reac-
tions have been considered. It is found that the transport
coefficients are all proportional to pgug?/x. where § is the
proper wake half-radius and the constant of proportionality
is known. These values of the turbulent transport co-
efficients may be used to analyse the mixing processes and
to predict the downstream flow fields. Moreover, it is further
concluded that in general the assumption of Schmidt num-
ber, Prandtl number, and Lewis number equal to unity is not
correct because the values of the wake half-radius for
concentration, velocity and temperature are not necessarily
the same.
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NOMENCLATURE s, eigenvalues:
B, Biot number, hL/k or hro/k; £, extrapolated distance:
Fq. Fourier number, at/I? or at/rd: 0, dimensionless temperature, (T— T, )T — T,.).
h, heat transfer coefficient
JonJ 15 Bessel functions; Subscripts
k, thermal conductivity 0, initial condition;
L, half-thickness of slab: o0, ambient condition;
Fo radius of sphere or cylinder: n, order of eigenvalues;
r, X, coordinates; ex. exact;
R.X. dimensionless coordinates r/r, or x/L; ext, extrapolated.
L time;
T, temperature.
1. INTRODUCTION
Greek symbols THE TEMPERATURE distribution in heat transfer problems
o thermal diffusivity: satisfies a differential equation. The differential equation



